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We study the spin ordering of a quantum dot defined
via magnetic barriers in an interacting quantum spin
Hall edge. The spin-resolved density-density correlation
functions are computed. We show that strong electron in-
teractions induce a ground state with a highly correlated
spin pattern. The crossover from the liquid-type correla-
tions at weak interactions to the ground state spin tex-
ture found at strong interactions parallels the formation
of a one-dimensional Wigner molecule in an ordinary
strongly interacting quantum dot.
QSH
FM1
FM2
A quantum dot, delimited by two magnetic barriers, embedded
into a quantum spin Hall edge.
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A topological insulator (TI) [1,2] is a material that
behaves like an ordinary band insulator in the bulk, but has
gapless states near its boundaries [3,4]. In the quantum
spin Hall (QSH) phase [5,6], realized in two-dimensional
TIs, edge states are characterized by spin-momentum lock-
ing [3,7,8] and, as long as time-reverval (TR) symmetry is
preserved, are topologically robust against single-particle
backscattering [8,9,10]. The experimental evidence of bal-
listic helical transport [3,7,11] paved the way for studying
transport properties in different geometries, ranging form
the standard quantum point contact geometry [12] to more
sophisticated interferometric setups [13]. Other tools such
as the magnetic susceptibility [14], or transport proper-
ties involving local probes such as a STM tip [15] have
also been proposed. Furthermore, two-dimensional TIs are
considered as promising building blocks for spintronic ap-
plications [16], for the search of Majorana fermions [17]
and in the context of quantum information [18].
In order to study the topologically non-trivial nature of the
edge states, various authors have suggested the possibility
of realizing quantum dots as finite-length portions of QSH
edges [19,20,21]. A possible way to confine the edge states
involves electrical control of topological phase transitions
in double HgTe/CdTe [22] or InAs/GaSb [23] quantum
wells. In addition, one can have spin-dependent scattering
induced by magnetic materials which opens a gap, thus
leading to the formation of a dot [20,21]. In particular,
the ground-state properties of a QSH quantum dot real-
ized by two opaque ferromagnetic barriers have recently
been the subject of intense studies. The time-reversal sym-
metry breaking due to magnetic impurities [24,25,26,27]
leads to interesting and novel effects. For instance, Qi et
al. [19] showed that a magnetic domain wall can induce
a localized fractional charge on a single QSH edge, and
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suggested a Coulomb blockade setup to detect it. Fur-
thermore, an oscillating pattern arises in the in-plane spin
density as a consequence of helicity combined with the
presence of magnetic barriers confining the dot [21,28],
strongly enhanced in the presence of electron interactions.
The competition between Friedel oscillations and the for-
mation of a Kondo cloud at low temperature in a QSH state
has also been recently considered [29].
The oscillating spin pattern mentioned above parallels the
charge density oscillations in an ordinary quantum dot. In
the latter case, the charge density profile exhibits oscil-
lations with 4kF periodicity [30,31,32,33,34]. However,
just like the oscillating charge density profile is not by
itself an indication of true Wigner crystallization [35,36],
the appearence of spin-density oscillations in QSH dots
cannot be interpreted as a clear indication of a ground
state with short-range spin ordering. To investigate the
formation of a true correlated spin structure of the ground
state, one needs to study spin-resolved density-density cor-
relation functions. In view of the strong interest of such
novel systems for innovative applications including spin-
tronic, a thorough investigation of the spin correlations is
of paramount importance both at the level of fundamen-
tal research and as the possible trigger for devising novel
QSH-based devices.
In this Letter we elucidate the role of electron interaction
in the formation of a spin ordered state. We confirm, by
analyzing the quantum dot pair correlation functions, that
electron interactions lead to the formation of a strongly
correlated spin state. We demonstrate that by increasing
the interactions, a crossover from an uncorrelated spin
state towards a state displaying a well defined ground state
spin texture is found.
The system consists of a quantum dot built in a QSH helical
edge state characterized by the free Hamiltonian (h¯ = 1)
H0 = −ivFσz∂x, (1)
where vF is the Fermi velocity, σ = (σx, σy, σz) are the
Pauli matrices, and x is the coordinate along the edge. A
propagating edge state is described by the single-particle
spinorial wavefunction Ψ(x) = (ΨR↑(x) ΨL↓(x))
T ,
where ΨR↑(L↓)(x) represents a right (left) moving elec-
tron with spin-up (-down) along the zˆ direction. Two thin
localized ferromagnetic barriers, with parallel magnetiza-
tions pointing in the xˆ direction, are modeled by two delta
functions placed at x = 0 and x = L with Hamiltonian
HFM = −M [δ(x) + δ(x− L)]σx, (2)
where M is the magnetization strength. In the limit
M/vF → ∞, the Hamiltonian in Eq. (2) decouples the
wavefunctions defined in [0, L] from the ones of the outer
region, inducing peculiar boundary conditions [20,21]
ΨL↓(0) = −iΨR↑(0), ΨL↓(L) = iΨR↑(L). (3)
The solution of the Schro¨dinger equationH0Ψq = EqΨq in
[0, L], togheter with the conditions in Eq. (3), gives the en-
ergy eigenvalues Eq = vF q, where q = piL
(
n− 12
)
are the
quantized momenta, n an integer, and Ψq(x) are the cor-
responding eigenvectors Ψq(x) =
(
eiqx − ie−iqx)T /√2.
The electronic field operator Ψˆ(x) can thus be expanded
on the basis {Ψq(x)} as Ψˆ(x) =
∑
q Ψq(x)cˆq , the operator
cˆq destroying an electron with energy Eq . In particular, the
two-component spinorial field operator (projected along zˆ)
can be written as [21]
Ψˆ(x) =
(
Ψ↑(x)
Ψ↓(x)
)
=
(
eikF xψˆ(−x)
−ie−ikF xψˆ(x)
)
(4)
where Ψˆσ are the up (σ =↑) and down (σ =↓) compo-
nents along the zˆ axis. The field ψˆ(x) satisfies antiperi-
odic boundary conditions over a segment of length 2L,
ψˆ(L) = −ψˆ(−L), and can be bosonized as [37]
ψˆ(x) =
F√
2pia
e−ipi
x
L (∆Nˆ− 12 )e−iφˆ(x), (5)
where F is a Klein factor, ∆Nˆ = Nˆ − N0 is the ex-
cess number of particles with respect to N0, and φˆ(x) =
−∑k>0√ pikLe−α2 k [e−ikxbˆk + h.c.]. Here, k = pinL , bˆk
is a bosonic operator, annihilating a collective density ex-
citation with energy vF k, and α = L/(piN) is a short
distance cutoff. We will consider the model Hamiltonian
Hˆ = Hˆ0 + Hˆint for the edge states, with Hˆ0 expressed as
Hˆ0 = −ivF
∫ L
0
dx : Ψˆ †(x)σz∂xΨˆ(x) : (6)
in a form equivalent to Eq. 1 and electron interactions mod-
eled by
Hˆint =
g
2
∫ L
0
dx
[
Ψˆ †(x)Ψˆ(x)− N0
L
]2
. (7)
By means of a Bogoliubov transformation the Hamiltonian
H can be diagonalized to
Hˆ = 
∑
k>0
m(k)aˆ†kaˆk +
EN
2
(
∆Nˆ
)2
. (8)
In Eq. 8, aˆk are bosonic operators, m(k) = kL/pi is an in-
teger number,  = pivF /(KL) and EN = pivF /(K2L) are
respectively the plasmonic and charging units of energy,
and K = [1 + g/(pivF )]
−1/2 is the Luttinger parame-
ter [38].
As a consequence of both the spin-momentum lock-
ing of helical liquids and the presence of magnetic
barriers, the average z-component of the spin operator
〈sˆz(x)〉 = 〈Ψˆ †(x)σzΨˆ(x)〉/2 = 〈ρˆ↑(x) − ρˆ↓(x)〉/2 = 0,
with ρˆσ(x) = Ψˆ †σ(x)Ψˆσ(x), where 〈. . .〉 denotes the ther-
mal average at zero temperature [39]. On the other hand,
the in-plane components of the average spin 〈sˆx,y(x)〉 =
〈Ψˆ †(x)σx,yΨˆ(x)〉/2 are non-vanishing [21,25,28]. In an
ordinary spinfull Luttinger liquid with ferromagnetic bar-
riers, the in-plane magnetization is generically dominated
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Figure 1 Scheme of the in-plane average spin operator,
which shows oscillations in its direction.
by long-wave, non-oscillating terms [28]. However, such
terms are absent in QSH systems due to helicity, and only
oscillating terms like Ψˆ †↑ (x)Ψˆ↓(x) = e
−i2kF xψˆ†(x)ψˆ(−x)
contribute [28]. The presence of magnetic barriers, which
break translational invariance and couple spin up and spin
down components (see Eq. (3)), then allow to have non-
vanishing average values of the in-plane components of the
spin operator, resulting in a peculiar average spin density
oscillating pattern schematically shown in Fig. 1
For this reason, we will focus on the x-projected spin-
resolved electron densities ρˆα = Ψˆ †αΨˆα, where α = +
(−) corresponds to spin up (down) along the xˆ direction.
The relations between spin states in the xˆ and zˆ direc-
tions Ψˆα(x) =
[
Ψˆ↑(x) + αΨˆ↓(x)
]
/
√
2, allow to rewrite
ρˆα(x) = ρˆ(x)/2 + αsˆx(x) with ρˆ(x) =
∑
α=± ρˆα the
total electron charge density.
Despite the average 〈ρˆ(x)〉 =
〈
Nˆ
L +
1
2pi∂x
[
φˆ(x) + φˆ(−x)
]〉
=
N/L is constant, the average spin resolved electron densi-
tiy shows an oscillating behavior with wavevector 2kF due
to [21] 〈sˆx(x)〉 =
〈
−ie2ikF xψˆ†(−x)ψˆ(x) + H.c.
〉
/2.
The average ρα(x) = 〈ρˆα(x)〉 then reads
ρα(x) =
N
2L
+ αsx(x). (9)
The evolution of the oscillations are shown in Fig. 2(a):
they occur even in the non-interacting case, become
strongly enhanced at strong interactions (K → 0), and are
characterized by a typical wavelength δ ∼ 2kF ∼ L/N .
Figure 2(b) compares ρ+(x) and ρ−(x), showing that their
peaks are intercalated, with their sum constant. In order
to understand if such spin oscillations signal the presence
of ground state with true short-range spin correlations, we
analyze the correlation function (CF) g¯α,α′(x) expressing
the probability density of finding two electrons with spin
projections α and α′ along the xˆ axis at a relative distance
x, given by [36]
g¯α,α′(x) =
∫ ∞
−∞
dx′gα,α′
(
x′ +
x
2
, x′ − x
2
)
(10)
where [40]
gα,α′(x, y) =
〈
Ψˆ †α(x)Ψˆ
†
α′(y)Ψˆα′(y)Ψˆα(x)
〉
N
N(N − δσ,σ′) . (11)
Figure 2 (a) Plot of ρ+(x) (units 1/L) as a function of
x for K = 0.25 (red), K = 0.55 (green), K = 1 (blue)
and (b) plot of ρα(x) (units 1/L) as a function of x for
K = 0.25 for α = + (blue) and α = − (red). Both panels
are for 5 electrons in the dot, T = 0 and α/L = 1/16.
For clarity, we restrict the analysis to the zero tempera-
ture case, in which the expectation values are taken with
respect to the ground state. We explicitly checked that no
qualitative changes occur up to temperatures kBT ∼ ,
when thermal excitation becomes large enough to trig-
ger the collective excitations of the system. Equation (11)
can be calculated analytically using standard bosoniza-
tion techniques, while the integration in Eq. (10) has been
performed numerically. If a strongly correlated spin state
arises, we expect to observe marked peaks in the CFs: in
this case, we could effectively interpret the oscillations
diplayed by the spin-resolved electron density as a genuine
tendency towards spin ordering [36].
Figure 3(a) shows g¯+,+(x) as a function of x for different
values of the interaction strength. Notice that here, and
in the following, we investigate correlations down to the
shortest length scale a, the spatial cutoff of the theory. As a
general feature, the parallel-spin CF displays a short-range
suppression induced by the Pauli exclusion principle. For a
noninteracting system (blue curve), an essentially feature-
less decay of g¯+,+(x) is observed, reminiscent of an uncor-
related liquid-like state. On the other hand, as interactions
increase strong oscillations develop, revealing a correlated
spin state. The number of peaks is N − 1, with average
spacing given by δ, the average wavelength of the density
oscillations observed in Fig. 2. At strong interactions, the
oscillations displayed by the spin-resolved electron den-
sity really correspond to the arising of a ground state spin
texture. The CF for anti-parallel spin orientations, shown
in Fig. 3(b), is qualitatively similar, but with the absence
of the Pauli-induced short distance suppression.
Figure 4 shows a combined plot of the parallel- and
antiparallel-spins CFs. Crucially, the position of the peaks
of g¯+,− is shifted with respect to g¯+,+: an intercalated
pattern of oscillations emerges, revealing the presence of a
ground state spin texture at strong interactions. This con-
firms the physical picture suggested by the spin-resolved
electron densities ρα(x) in Figure 2(b), and schematically
represented in Fig. 1, with the probability of finding a
nearest neighbour with the same spin being maximal at
a distance twice as large with respect to that of finding a
nearest-neighbour with opposite spin. We have checked
that the features described are independent from the num-
ber of electrons in the dot.
In conclusion, we have investigated the spin-spin correla-
tions in a quantum dot built in a quantum spin Hall system.
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Figure 3 Plot of (a) g¯+,+(x) and (b) g¯+,−(x) (units 1/L)
as a function of x for K = 0.25 (red), K = 0.55 (green),
K = 1 (blue) for 5 electrons in the dot. Here, T = 0 and
α/L = 1/16.
Figure 4 Plot of g¯+,α(x) (units 1/L) for α = + (blue)
and α = − (red) as a function of x for K = 0.25 and 5
electrons in the dot. Here, T = 0 and α/L = 1/16.
We have shown that for strong electron interactions the
spin oscillations, already reported in Ref. [21], are indeed
the signature of a true magnetic order with strongly cor-
related spin state. The underlying spin structure closely
resembles a state which could be described as a ”spin
molecule”, in analogy with the formation of a Wigner
molecule in a conventional quantum dot.
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